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ABSTRACT 

We give a relatively sh9rt proof of the following theorem of Sternfeld: Let X 
be a compact metric space with dim X => 2, and let X c R m be an embedding 
such that every fE  C(X) can be represented as 

f (x ,  x2 . . . . .  xm) = ~ gAx3, 
i - I  

(x,,x2 . . . . .  x . )~X ,  g~C(R).  

Then m > 2 dim X + 1. 

The theorem of Ostrand [3] (see also [4]), which generalizes the well known 
Kolmogorov's superposition theorem [2], says, in particular, that for every n- 
dimensional compact metric space X there exists an embedding X c R 2~+1 
which satisfies the following: every f ~  C ( X )  can be represented as 

f ( x l ,  x2 . . . . .  x2,+ l) = 
2 n + l  

E gi(xi), (xl, x 2 , . . . , x 2 n + I ) E X ,  g i E C ( R ) ,  
i = l  

where C ( X )  is the Banach space of real valued continuous functions on X. 
It is clear that the number 2n + 1 is the best possible. (There are n- 

dimensional spaces which do not embed in R 2n.) Sternfeld [5] proved that it 
cannot be reduced for any n-dimensional compact metric space. In this paper 
we present a proof for this result of Sternfeld which is simpler than the original 
proof. The proof is based on ideas introduced in [5] (see [6] for a survey of 
related topics). 

* This is a part of the author:s Ph.D. thesis prepared at the University of Haifa under the 
supervision of  Professor Y. Sternfeld. 
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Let X be a compact metric space. We identify the dual C(X)* of C(X) with 

the space of real regular Borel measures on X with the total variation as norm. 

Let Ra = R, a ~ N a n d  let A C Nbe  a finite set. Denote RA = IIa~A Ra and let 
R~ = 0 ~ R. Clearly RA is homeomorphic to R IA t, where I A [ is the cardinality 

of A. Let Ps : RA --" Rs, B C A denote the canonical projection. Let X c RA, 

I tEC(X)* and a E A .  The measure Ita in C(Ra)* is defined by Ita(V)= 

It(Pal(V) N X), V c Ra a Borel set. 

DEX~INIa'ION 1 [6]. Let Xbe  a compact metric space. An embeddingX c RA 

is said to be basic if every f ~  C(X) can be represented as f (x)  = Za~ ga(Xa), 

X = (Xa)a~A E X ,  gaEC(Ra) .  

With this terminology the result which we intend to prove here is the 

following. 

STERNFELD'S THEOREM [5]. Let X be a compact metric space with dim X > 

2, and let X c RA be a basic embedding. Then IA [ > 2 dim X + 1. 

We recall first the following result which gives a connection between basic 

embeddings and Borel measures. 

THEOREM 1 [4]. Let X be a compact metric space. X c RA is a basic 

embedding i f  and only i f  there exists a constant oL > O, such that for each 

It ~ C(X)* 

(1) fl >=, llit II, 

where II It II is the norm ofit andfl --- f l ( i t )  = max{  II Ita I1: a C A } .  

Let X c Ra and K E N. Set 

Tx = Tx(X C Ra) = {B : B C A, IBI = K, int PB(V) is nonempty in Rn 

for every nonempty open Vin X} 

where int PB(I0 is the interior of  PB(V). 

Let C+(N) be the set of  nonnegative real valued functions on Nwith a finite 

support and let 1A denote the indicator function ofA. Denote I ( f )  = ~ielV f(i), 

f ~  C+(N). Obviously I(cf) = cI(f) ,  I ( f  + g) = I ( f )  + I(g), I(1A) = la I, 

where f ,  g~C+(N)  and c ~ R ,  c > O. 

DEFINITION 2. Let X C RA. Tx = Tx(X  C RA) is said to be r-full if la can 

be represented as 1 a = fq -  Y~nerK~.B 18, where 2B ~ R ,  28 > O, f E  C+(N) and 

I ( f )  = [A I - z. I f z  = IAI then TKis said to be full. 
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It is clear that the fullness of TK is equivalent to the existence of  a 
representation of the form 

(2) 1A= ~ 2 s i s ,  29>_--0. 
BET~ 

It is easy to check that the numbers 2s can be chosen to be rationals. Hence 
(2) is equivalent to 

(3) nAIA= ~ n s l s ,  nA, n s C N ,  nA>O. 
B~T~c 

We shall show in the second part of  this paper that the assumption of 
existence of a basic embedding of a compact metric space X c RA, with 
I A] < 2 dim X, implies the fullness of Tdimx(X C RA). Then Sternfeld's 
theorem will follow from: 

THEOREM 2. Let X be a compact metric space, and let X c RA be a basic 

embedding. I fTK = TK(X c RA) is full  for some K > 2, then [A [ > 2K + 1. 

PROOF. Assuming I A I --< 2K, we shall construct a set o ~ of Borel measures 
on X with a finite support so that inf{p(/z)/[[ # H-/zC~} = 0. This, by 
Theorem 1, contradicts the assumption that X c Ra is a basic embedding and 
)roves Theorem 2. 

Let us first introduce some notation. Let Y, Z be finite subsets of X, so that 
Y[ = IZ] and Y N Z = ~ .  By (Y, Z)  we denote the measure/~ = Zr~r Jy - 

Z~ez J~, where Jx is the Dirac measure with mass 1 at x. Clearly 

II(Y,Z) l[ = I Y I + I Z I = 2 1 Y I = 2 I Z I .  

It is easy to verify that for each measure (Y, Z) on X and every a CA there 
exists a measure (Ya, Z a) on X such that 

(4) (Y ,Z)a=(Ya ,  Za)a , y a c y ,  z a c z ,  

(5) II (ya, Z a) II Z)). 

The fullness of  TK implies that T~c covers A. Applying this fact it is easy to 
check that for each nonempty open set Vin X and every l C N  there exist non- 
empty open sets V~, V2 , . . . ,  Vt C V so that 

(6) P~(V~) N P~(Vj) = J~, i ~ j ,  a CA, 

and 



208 M. LEVIN Isr. J. Math. 

(7) II e~( 6 V~)cPB(IO, BCTx.  
aEB \ i - I  

Assume now that a positive c C R and an s C N satisfy the following: 

(8) For each nonempty open U c X there exists a measure (yts, Z v) 
on U so that 

#((yv,  ZU))__<c II (yv, z v) II, IYVl = I ZVl = s .  

Let V be any empty open set in X, and let the nonempty open sets 
Vi, 112 . . . .  , Vt c Vsatisfy (6) and (7), where ICNwi l l  be defined later on. Let 
(yv,, ZV,), i = 1, 2 . . . . .  l be measures satisfying (8) for U = V~. Our aim is to 
show that we can replace the pair c, s with a pair c', s '  with c'  smaller than c and 
thus by iteration we shall get the desired family 8. Since every open set 
contains two distinct points (by the fullness of Tk) it is evident that c = s = 1 
will satisfy (8). Set Y = U ~ _ ~  YV,,Z=U~.~ ZV,. By (6) Vi n V j = ~  i f / # j .  
Hence the measure (Y, Z) on Vis well defined, and by (8) the following holds: 

(9) fl((Y,Z))<c II(Y, Z)II, IYI = IZl =Is. 

It is easy to check that from (6) it follows that 

ID n (Y u Z)I 
(10) Iea(D)l > for every D cXandeachaCA.  

2s 

Let (ya, Za), a CA be measures which satisfy (4) and (5). Denote Y0 = Y, 
Zo = Z, Yg = Y°, Z8 = Z a, a CA. We shall construct, by induction on i, 
measures (Yt, ZD, (ya, ZT), a CA on V. Assume that 

(Yi-,, Zi-l),, = (ya_,, Za_l)a, Ya_ 1 C Y i - l ,  z a - I  C Z i_  1 

(for i = 1 this is satisfied), and let B~ be some element of Tx. Assume that 

(11) PB,(V) n II e a ( y a - l ) [  > IPB,(Y,-, U Z,_,)l .  

I 

aEB~ I 

Then, obviously, there is some zCV\(Yi_~ U Z~-t) such that Po(Z)C 
Pa(YT-~) for each aCB~. It follows that P,(z)=P~(y~), aCB~ for some 
ya C ya_ l. Similarly, if 

(12) IPa,(V) n l-I Po(Z~-,) I > IPa,(Y,-,u Z,_, u z ) l ,  
aEB~ 
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then there there is y C V\ (Y i - I  U Zi-1 U z) and z a CZT_~, a CBi  such that 

Pa(y) -- Pa(Z°). 
Define Y~ = Y~_ 1 U y,  Z~ = Z~_ 1 U z and for each a CA 

=lY~a.-I \ Ya, aCBi,  Z a Iza-,  \Za, aCB~, ya 

[Y7-1Uy,  aq~Bi; = ( z a - 1 U z ,  aq~Bi, 

It is easy to verify that  the measures (Y~, Zi) and (Y:, za) ,  a CA on Vare well 

defined and that (Yi, Z~),, = (ya, Za)a, ya C Y~, Z7 C Zi, 

I Y ~ l = l Y ~ - ~ l + l ,  I Z ~ l - - - I Z ~ - i I + l ,  

I ya l  = I Yf-~ I + (1A\B, --  l s , ) (a )  = I YT-~ I + (1A -- 2" ls,)(a), 

IZTI = IZf - l l  + ( 1 A - - 2 . 1 n , ) ( a ) ,  [Ya_~NY~al =<1, IZT-~NZFI <-_1. 

Assume now that this procedure  can be carried out  for i = 1, 2 , . . . ,  t (i.e. we 

assume that (11) and (12) hold for i = 1, 2 . . . .  , t). It follows from the above 

that 

(13) (Y~, Z,)~ = (I:,- ~, ZF)a, 

(14) I Y~ I = I Z~ I = I Y I + i = / s  + i (see (9)), 

[ Yia[ = I z a  I = I y a  I -~- ( i .  1A - 2(ln, + Ins + " ' "  + ln))(a)  

(15) = ½/3 + f(a),  

where f = i .  1A - 2(ln, + Ins + • • • + In,) and 

# =#( (Y,Z) )=  II(Ya, Za) ll =21yal (see(5)), 

(16) IY"NYTl <i, IZaNZ~l <i. 

We return now to conditions (I I) and (I 2). By (7) we have 

Pn,(V)D 1-[ Pa( 6 ~)D 1-I Pa(ya), 
aEni j - I aUni 

therefore 

Pn,(V) fh fl Pa(Ya_l)D fl Pa(Y a A ya_l). 
aEn~ aEn~ 

By (I 0) and (4) 
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I ( y a n y a _ , ) n ( Y u Z ) l  I Ya n Ya_, I 
IPa(Y a n r'a_,)l >_-- 

2s 2s ' 

and by (16) 

IE a n YT-,I ~ I Y a l - ( i -  1). 

By (5) I yal = ½1l (y , ,  Z a) II = ½P((Y, g ) ) - -  ½p. Since X C RA is a basic 
embedding ,8 > a II (Y, z)II by Theorem 1. Hence, in view of(9), 

I yal = ½# >---- ½~ II ( Y ,  Z ) I I  = ~ t s .  

Thus we have 

I PB,(IO n H Pa(Yia-l) ~ H lEa n Ya_ l I 
a ~B~ a ~B, 2s 

(since Bi ~- Tx, so I B~ I = K). 
Similarly, we obtain 

=> (.I Ya I-(i-2s 1 !) In, I 

=>('Ms-i+2s 1') K 

PB,(V) A II P a ( Z a - ~ ) > ( - a l s - - i + l )  r 
a~B, = 2 S  " 

On the other hand, by (14) we have 

and 

IPn , (Y , - ,uz~-Ol  ~ I Y,-,I + IZ~-,I = 2 1 s + 2 i - 2 < 2 1 s + 2 i  

IPB, (Y i - lUZi - ,UZ) I  ~ I Yi-AI + IZ~-,I + l = 2 1 s + 2 i - l < 2 1 s + 2 i .  

Hence from the condition 

(Ms - i + l ) x > 2ls + 

(11) and (12) follow. Since for any i = 1, 2 , . . . ,  t, als - i + 1 > als - t + 1 
and 2Is + 2t > 2Is + 2i, the condition 

(17) als - t > O, (als - t + l ) K > 2ls + 2t 
2s 
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implies (11) and (12) for each i = 1, 2 . . . .  , t. Hence if  (17) holds, we can 

construct measures (Yt, Zt), (Y~, ZT), a ~.A which satisfy (13), (14), and  (15). 

Recall now that Tr is full, and therefore (3) holds. It follows that the sets Bi 
can be chosen in TK so that nA 1A -= Y~r-t 1B,, where n -= ZBer~ ns (see (3)). For  
i > n define B~ by B~ = B;mod,. It follows that  for t -----n mod  n, 

ft -= t .  1A - 2(ln, + 1B2 + • • • + ln,) = t-  1 A - -  - -  
2nA t) 2nAt lA = t - -  IA. 

n n 

Assume now that IA I < 2K. Then by (3) 

nA IA I = nAI(1A) = I(n.41.4) = I (  Y~\ner~ nB1B/-----Y~/ Ber,~ n j ( l n )  = K ( n ~  nB) = Kn, 

and hence n A / n = K / I A I  >K / 2 K =½.  Therefore for t=--nmodn,  ft-= 
(t - 2nat~n) la < 0, i.e. f t(a)  .=< 0 for each a EA.  

Since K > 2, it is easy to check that for a sufficiently large 1 ~ N we may 

choose t so that (17) holds and  such that t > ½als and t = n  mod  n. It 

follows that for this t the measures (Yt, Zt) and (Y~, Z~) can be constructed. 

Then by (15) 

IY~l = IZ?l =½/3 + f t (a)< ½/3 

(since ft(a) < 0). 
By (9) fl = fl((Y, Z))  < c II ( r ,  Z)  II = 2ds. Hence 

II(Ya,Z?)ll -= IY?l + IZ?l <-_2cls. 

As t > ½ otis we get by (14) 

II (Y,,  Z3  II = I Ytl + I Z, I -= 2(ls + t) >.= 2(1s + ½als) = ls(2 + o,). 

It follows that 

II (Y?, z?) II ~ 2cls = c 
2 2 

2-t-o~ ls(2 + o 0 ~ c2 + a -  II (Y,, z t )II .  

Obviously [I/t~ 11 < 11/t 11 for any Borel measure/~.  Therefore f rom (13) it 
follows that 

II (r , ,  zt)~ II = II ( ~ ,  z?)o II --< II (Y?, z?)II. 

Hence 
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fl((Y,, z,)) = max{ II (Y,, Z,)a I1: a EA} < max{ II Y?, Z?)I1: a ~ a }  

2 
~ c 2---~ II (Y,, z,) II. 

We have shown that if (8) holds it does so also with c ' =  c(2/2 + a) and 

s' = ls + t. Therefore, by iteration there exists for each n a measure (Y., Z . )  

such that fl((Y.,  Z,))  < (2/(2 + a)) n II (Y,, z , )  II. As remarked in the begin- 
ning of the proof this verifies Theorem 2. 

We turn now to the second part of  this paper. Recall first the following facts 

from dimension theory (see [1]). 

A finite-dimensional compact space X is called a Cantor manifold, if  for all 

closed F C X with dim F < dim X - 2, X \ F is connected. It is well known 

that each n-dimensional compact metric space contains some n-dimensional 

Cantor manifold. It is easy to show that for every closed subset F of  a Cantor 

manifold X with int F ÷ ~ ,  dim F = dim X. A subset F of  R n is n-dimen- 

sional if  and only if int F ÷ ~ .  

The dimension dim f of  a mapping f :  X ~  Y is defined by dim f =  

sup{d im f -~ (y ) : yU  Y}. The well known theorem of  Hurewicz says, in par- 

ticular, that for a continuous function f :  X ~ Y of  compact metric spaces 

dim X < dim Y + dim f.  We begin with the following definition. 

DEFINITION 3. An embedding X c RA is said to be zero-dimensional if  for 

each B c A, so that I B I = I h I - 1, dim(PB Ix) = 0, where PB I x is the restric- 

tion of  PB to X. 

Note that by RB C RA we understand that B c A and RB is identified with 

R~ = y × RB for some y ERAxB. It is easy to prove 

PROPOSITION 1. Let X C RA be a basic (zero-dimensional) embedding, and 
lei F c X tq RB C RB C RA be closed in X. Then the induced embedding F c RB 

is a basic (zero-dimensional) embedding. 

The following proposition shows that we may restrict ourselves to basic 

zero-dimensional embeddings. 

PROPOSITION 2 [5]. Let X C RA be a basic embedding o f  an n-dimensional 
compact metric space X, where n > 2. Then there exist some n-dimensional 

compact metric space F and some basic zero-dimensional embedding F c RB so 

that [B I_- < IAI. 
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PROOF. By Proposition 1, we may assume that X is a Cantor manifold. If  

X CRA is not zero-dimensional, then there exists some b EA so that 

dim Ps Ix > 0 ,  where B = A  \ b .  Hence there exists Rb C RA such that 
dim(Rb n X) > 1. It follows that Rb N X contains a closed interval I. Let 

F t = Pb-t(I)O X. Clearly int F~ # ~ ,  and since X is a Cantor manifold, 

dim F~ = n > 2. It follows that I # FI. Then there exists some closed F2 c FI so 

that F2 n I = ~ and int F2 ÷ ~5. Hence dim F2 = n, and we claim that PB I F2 is 

an injection. Indeed, if not, then there exist x,, x2 E F2 so that PB(x~) = PB(x2). 

Let x4 = Pb(Xl)~I and x3 = Pb(x2)EI. Set/t = ~x, - Ox, + 6~3 - Ox,. It is easy to 

check that fl(a) = 0, and by Theorem 1 we obtain a contradiction. 
Let F = Pa(F2). Then dim F = dim F2 = n, and we shall show now that the 

embedding F c Rn is basic. Given (a E C(F), define f ~  C(F2 U I) as follows: 

f (x)  = 0 if x E I  and f (x)  = ~(Pn(x)) if x ~ F  2. Clearly F 2 U I c Ra is basic. 

Hence there are g~EC(Ra), a E A ,  such that for all x =(X~)a~AEF2 U I, 

f (x)  = Za~_ A ga(Xa). 
It is easy to check that gb [ t ~ const. Hence the functions g, can be chosen 

such that gb -~ O. Then ~0(x) = 2~eB g~(Xa) for x = (Xa)~En E F, i.e., F C Rn is a 

basic embedding. 
This procedure can be continued till we end up with a basic zero-dimen- 

sional embedding. This proves Proposition 2. 

DEFINITION 4. An embedding X c RA is said to be reduced if the following 

hold: 
(a) X is a Cantor manifold; 
(b) int Pa(X) v ~ ~ in R~ for every a CA; 
(c) if int Pn(X) ~ ~ in RB, B c A, then int PB(V) ~ Z~ in RB, for each 

nonempty open V in X. 

The next proposition motivates the introduction of  this definition. 

PROPOSITION 3 [4]. Let X C Ra be a compact metric space. Then there 

exists F C X N RB C RB C Ra so that dim F = dim X, and the embedding 

F c RB is reduced. 

PROOF. Let n = dim X, and let X~ c Xbe  an n-dimensional Cantor mani- 

fold. If  in tP~(X)=  J~ for some a ~A,  then X~ c RA, for some RA, C RA, 

A~ = A  \ a ,  and we reduce X c RA to the embedding X~ c RA,. 

On the other hand if  intPB(XO ÷ ~ ,  for B c A ,  and int PB(V) = ~ for 

some open V c X~, then for every n-dimensinal Cantor manifold X2 C V, 

int PB(X2) = ~ and we reduce X~ c RA to the embedding .I"2 c Ra. 
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This procedure can be continued and, since it must end after finitely many 

steps, we shall end up with a reduced embedding. This proves Proposition 3. 

Denote 7n = m i n ( l A  I: there exists a reduced basic zero-dimensional 

embedding X c RA so that dim X = n }. 

From Propositions 1, 2 and 3 it follows that we may restrict ourselves to 

reduced basic zero-dimensional embeddings (r.b.z. embeddings in short), i.e. 

Sternfeld's theorem is equivalent to 7n > 2n + 1, n > 2. 

PROPOSITION 4 [5]. 7n+l > 7n- 

PROOF. Let dim X = n + 1, and let X c Ra be an r.b.z, embedding with 

[A [ = 7~+~. Since dim Pa(X) < 1 for every a CA, it follows from Hurewicz's 

theorem that dim Pa Ix > n, and hence there exists some RB C Ra, B = A \ a 
so that dim(X N RB) >--_ n. By Propositions 1 and 3 there is some F c X O 

RB, C RB, C RB so that dim F = dim(X ORB) _-> n, and F C RBI is an r.b.z. 

embedding. Since [ B~ [ < [ B [ = [A I - I < 7, + t, dim F _-< n. Hence dim F = 

n, and 7~ < [B,[ < 7~+~. This proves Proposition 4. 

PROPOSITION 5. 71 > 2, 72 > 4. 

PROOF. If 71 = 1 then there is an r.b.z, embedding X c Ra, a 6 N  with 

dim X = 1. Hence dim P~ Ix = 1, and therefore the embedding X c Ra is not 

zero-dimensional. Thus 71 > 2. 
By Proposition 4, 72 > 3. Assume that there exists some r.b.z, embedding 

X c RA so that dim X = 2 and A = {a,, a2, a3}. Then dim PB Ix = 0 for every 

B C A with I B [ = 2. From Hurewicz's theorem it follows that dim PB(X) > 2, 
and hence i n t P B ( X ) ÷ ~  in RB. Since X CRA is reduced, B~T2 = 
T2(XERA). Therefore T2 = {{a,, a2}, {al, a3}, {a2, a3}}, and we obtain 

la = ½ 1 {a,,a2) + ½ l{a,,a,) + ½ l{a2,a,}, 

i.e. T2 is full. By Theorem 2, this implies [AI > 4 and contradicts the 

assumption that I A I = 3. Hence 72 >-- 4, and Proposition 5 is proved. 

PROPOSITION 6. Let X C RA be an r.b.z, embedding so that dim X = 1. 

Then T~(X C RA) is 2-full. 

PROOF. As 7~ > 2, IA I > 2. LetA = {al, a2 . . . .  }. The embeddingX c RA is 
reduced. It follows that int Pa(X) :# ~ for each a CA. 

Hence Tt(X c RA)= {{a~}, {a2},...}. Let 1A = f +  1,, + la2. Obviously f E  
C+(N) and I ( f )  = [A I - 2. This proves Proposition 6. 
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Consider the following statements. 

(MK): ~'~ > 2K. 
(HK): TK(X c Ra) is 2K-full for each r.b.z, embedding X C R~ with 

dim X = K. 
By Propositions 5 and 6, the statements Ml, M2 and H~ hold. The following 

proposition will be proved later. 

PROPOSITION 7. The statements Mx, Hx and MK+i imply HK+~. 

We shall show now that the following theorem, which is equivalent to 
Sternfeld's theorem, follows from Proposition 7. 

TaEOREM 3. 7n > 2n + 1 for n > 2. 

PROOF. By Proposition 7, M~, H~ and M~ imply H2. If~'2 = 4, then there is 

an r.b.z, embedding X c RA so that IA I = 4. Since He holds and IA I = 4, 
T2(X C RA) is full and, by Theorem 2, I A I > 4. This contradiction proves that 

72>5.  
By Proposition 4, 73 > 6, i.e. M3 holds. Similarly, since M2, H2 and M3 hold, 

by Proposition 7 H 3 holds as well, and by Theorem 2, 73 > 7. This procedure 
can be continued, and we obtain ~,n > 2n + I for each n > 2, and Theorem 3 is 
proved. 

For the proof  of Proposition 7 we need the following. 

LEMMA 1 [5]. Let X C RA be a reduced embedding, and let K =  
dim X - 1 >__ 0. Then for each a CA there exist Ba C A \ a and Fa c X ¢q RB, C 
RB, C Ra, with dim Fa = K, so that the embedding Fa C RB, is reduced, and 
a UBET~+l(XCRa)foreveryBETtc(Fa c Rs,). 

PROOF. Let yEintPa(X), aEA ,  and set B = A  \ a .  Since X is a Cantor 
manifold, dim(X A R~) > K (recall that R~ = y × Rn c Ra). Pick some 
closed K-dimensional X r c X N R~. By Proposition 3 there exists some 
Fy C Xy N Rs~ c Rn, C R~ so that F r c Rs~ is reduced and d im Fy = K. 
Set T = {B :1B I = K, B c A }. As the set A is finite, T is finite too. Let 

T = {B~, B2, . . . .  Bn}, and let { Vj}p=~ be a basis for the topology of Rs,, 
i = 1 , 2  . . . . .  n. Clearly T r = T x ( F  rCRBy) CT ,  and therefore Tx--- 
{B~,,B~,, . . . .  Bt,), where t = t ( y ) =  IZxl. It follows that i n t P n , , ( F y ) ~ ,  

l = 1, 2 , . . . ,  t. Hence, there exists some Jl such that V~' C int PB,,(Fy). 
Let S r = {il,j~, i2,j2 . . . . .  i,,jt}, t = t(y). Obviously, the set of all disjoint 

sets Sy is countable. Hence there exists some y E int Pa (V) so that 
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wy = {y '  : y ' c i n t  Pa(X) and Sy, = Sy} 

is of second category in int Pa(X), i.e., V = int Wy ÷ ~ .  The reader may easily 
verify that intP~uB,,(X)D V ×  Fj~, and since the embedding X CRA is 
reduced, a t.; Bi, CTx+~(X C RA). 

Set Fa = Fy, B~ = By, and this completes the proof of Lemma 1. 

Let A c N be a finite set, let a CA, and let f c  C ÷(N). The pair (a, A) is 
said to be singular for f if f (a)  > 0, and for each B c N so that a C B C A, 
Xb~nf(b) > IB If(d) for all d C A  \ B .  Clearly if (a, A) is a singular pair for 
f C  C+(N), then for every B so that a CB c A, the pair (a, B) is singular forf.  

LEMMA 2. Let A C N be a finite set and let f~ C C+(N), a CA. I f  for each 
a CA the pair (a, A) is singularforfa, then there exist reals 2a > 0 such that 

la = ~aeB)]-a(la "fa).  

PROOF. F o r f C  C+(N) set min f =  min{f(a)  : a CA }, M ( f )  = {a : f(a) = 
m i n f ,  a CA}. Denote G = {Xa~,a 2a(1 a "fa)  :2a  -->--- 0} C C+(N), m(G) = 

min{ IM( f )  I : f C G  and m i n f ÷  0}. 
Since g a ( a ) > 0 ,  aCA,  min(X~eA 1A'fA} S0 .  Therefore m(G) > 1. 

Obviously, the lemma is satisfied for I AI = I. Assume now that the lemma 
holds for I A I = 1, 2 . . . .  , n - 1, and we shall prove it for I A I = n. 

Clearly if m(G) = n, then the lemma holds for Ia I = n. Let m(G) < n. 
Then there exists some f O G  so that IM(f ) l  = m(G). Set B = M ( f ) .  For 
every a CB the pair (a, B) is singular forfa and by the assumption there exists 
reals 2~ > 0 so that 1n = Zaes~,t~(1o "fa). 

Denote S = X~en ;ta'(la "f~) and let Sx = f +  x S f o r x C R ,  x > O. Obviously 
S C G  and SxCG. Let d C A \ B  and a C B .  Since (a,A) is singular for f~, 
Xb~n f~(b) => IB Ifa(d). 

From the above it follows that 

IBIS(d)= IBI (Y~ 2 , ' ( IA ' fa ) ) (d)=  2~ 2~'(IB' .fa(d)) < Y~ A~(Y. f~(b)] 
\ a~B aEB aEB \ bEB l 

b aEB b~-B \ a~-B b~-B 

Hence S(d) < 1 for d C A \ B .  I f S ( d ) =  1 for all d C A \ B ,  then S = 1,~ and 
m(G) = IA I = n. Hence there is some dCA \ B  so that S ( d ) <  1. Let bOB.  
Then f(d) > f(b). Since Sx(d) --- f(d) + xS(d) and Sx(b) = f(b) + xS(b) = 
f(b) + x ,  there is x >_-0 so that Sx(d)=Sx(b). It follows that for some 
0 =< y =< x, I M(Sy)I >_ I B I + 1. This contradiction proves Lemma 2. 
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PROOF OF PROPOSITION 7. Let X C Ra be an r.b.z, embedding with 
dim X = K + 1. By Lemma 1,for each a CA there exists an r.b.z, embedding 
F~ c RB. so that Ba C A \a ,  dim Fa = g and a U B C T = TK+~(X C RA) for 
every B C Ta = Tx(F. C Rn.). 

Recall that we assume Mx, HK and Mr+ 1. Therefore 

(18) 1B° =fa  + ~0a, I ( L )  = I n ~ l - 2 K ,  

where f~ C C+(N) and ~a = XBeT. 2~ 1B, 2~ > 0. It follows that 

(19) I(~aa) ----/(In,) - I(fa) = IBa I - (IBa I - 2K) = 2K. 

Set G = {XBerXn 1B" ~B ~ 0) C C+(N). 
Denote ~, = Xnero )t~ 1 a ue. Clearly ~a C G and Oa(a) = Zoer. ,~ and since 

I ( ~ O a ) = I (  2 2]~ln)= Y~ 2~I(1n)=K X 2~, 
\BET. BETa BETa 

by (19) Y-net. 2~ = 2, and we obtain Oa(a) = 2. Now it is clear that 

(20) 0~ = ~0~ + 2- 1.. 

Let ~, = (IA I - 2K - 2)la. Then, by Mr+I, Na CC+(N) • 
Set (I) a = 0a "3L Ya" We shall show that the pair (a, A) is singular for (I) a. 

Indeed, let a C Z  c A and b CA \ Z .  Then by (18) and (20) 

2 
zEZ 

= X Oa(Z) + 2 ~a(Z) = O,(a)  + ga(a) + Y. ~a(Z) 
z6z zEZ z6Z NB. 

= 2 +  I A I - 2 K - 2 +  Y, ~0~(z)= I A I -  In~l + I ( f a ) +  Y, ~o,(z) 
z~Z NB. zEZ OBa 

~ l a l - I B a l +  Y, f ~ ( z ) + ~ a ( z ) = l A l l l B a l + l Z n B ,  l ~ l Z l  
zEZ n Bo 

I z I(f~(b) + ~o.(b)) ~ I Z I ~a~(b) = I Z l ~ . ( b ) .  

Hence the pair (a, A) is singular for q~.. Since 1A . ~ .  = ~a,  it follows from 

Lemma 2 that there are reals 2. ->__ 0 so that 1A = ~aEA Aa~a • Let ~ = ~aEA ~aOa 

and V --- Za~A ~aVa. 

Obviously vCC+(N),  ~ C G  and l a - - ¥  + ~o. By (18), (19), and (20)we 
obtain 
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IA I = I(1A) = I (~  + ~o) = I (~)  + I(~) = 2~ ~,aI(~Ca) -3 t- 2 ~aI(~Oa) 
aEA a~-A 

= ~] 2 a ( l A I - 2 K - 2 ) +  2 "~a(2q-I(~°a)) 
aEA aEA 

= 2 2 a ( I A I - 2 K - 2 ) +  Y~ 2 ~ ( 2 + 2 K ) =  IAI 2 ~a • 
a~A aEA aEA 

Hence 

and 
I(~l/) = 2 ~aI(~lla)= 

a~A 

Y~ 2 a = l  
a~_.A 

2 2a(lAI - 2 K - 2 ) =  I A I - 2 K - 2 .  
a~-.A 

Thus T is 2(K + 1)-full, and the proposition follows. 
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