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ABSTRACT
We give a relatively short proof of the following theorem of Sternfeld: Let X
be a compact metric space with dim X = 2, and let X C R™ be an embedding
such that every f€ C(X) can be represented as

SO X oo X)) = 2 &), XXy ..., Xn)EX, gECR).
i=1

Thenm =2 2dim X + 1.

The theorem of Ostrand [3] (see also [4]), which generalizes the well known
Kolmogorov’s superposition theorem [2], says, in particular, that for every n-
dimensional compact metric space X there exists an embedding X C R?"+!
which satisfies the following: every f& C(X) can be represented as

2n+1

SO, X0 ooy X)) = X &%), o, X5 -0, X0 1)) EX, g EC(R),

i=1

where C(X) is the Banach space of real valued continuous functions on X.

It is clear that the number 2n + 1 is the best possible. (There are n-
dimensional spaces which do not embed in R?".) Sternfeld [5] proved that it
cannot be reduced for any n-dimensional compact metric space. In this paper
we present a proof for this result of Sternfeld which is simpler than the original
proof. The proof is based on ideas introduced in [5] (see [6] for a survey of
related topics).

t This is a part of the author’s Ph.D. thesis prepared at the University of Haifa under the
supervision of Professor Y. Sternfeld.
Received November 10, 1989
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Let X be a compact metric space. We identify the dual C(X)* of C(X) with
the space of real regular Borel measures on X with the total variation as norm.

LetR, =R,a€Nand let A C Nbe a finite set. Denote R, =I1,c, R, and let
R, =0€ER. Clearly R, is homeomorphic to R'4!, where |4 | is the cardinality
of A. Let Py: R,— Ry, B C A denote the canonical projection. Let X C R,
UEC(X)* and a€A. The measure y, in C(R,)* is defined by p, (V)=
u(P;7 (V)N X), V C R, a Borel set.

DEFINITION 1 [6]. Let X be a compact metric space. An embedding X C R,
is said to be basic if every f€ C(X) can be represented as f(x) = 2,4 g.(X,),
X = (xa)aEA €X, g€ C(Ra)

With this terminology the result which we intend to prove here is the
following.

STERNFELD'S THEOREM [5]. Let X be a compact metric space with dim X >
2, and let X C R, be a basic embedding. Then |A| 22 dim X + 1.

We recall first the following result which gives a connection between basic
embeddings and Borel measures.

THEOREM 1 [4]. Let X be a compact metric space. X C R, is a basic
embedding if and only if there exists a constant a>0, such that for each
LE C(X)*

(1) Bzalul,
where || u || is the normofuand = B(p)=max{ || 4, ||:a€A}.
Let X CR,and KEN. Set

Tk =T(XCRy)={B:BCA, |B|=K,int Pg(V)is nonempty in Ry
for every nonempty open V'in X}

where int Pg(V) is the interior of Pg(V).

Let C*(N) be the set of nonnegative real valued functions on N with a finite
support and let 1, denote the indicator function of 4. Denote I( f) = Z;ey fi),
FEC*(N). Obviously I(cf)=cI(f), I(f+g)=I1(f)+1(g), I(1,)= 4],
where f,g€C*(N)and cER, c =z 0.

DEFINITION 2. Let X C R,. Ty = Tx (X C R,) is said to be t-full if 1, can
be represented as 1, = f+ Zper, A5 15, where AER, 3 20, fEC*(N) and
I(f)=|A| —t.If 1= |A| then Ty is said to be full.
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It is clear that the fullness of Ty is equivalent to the existence of a
representation of the form
(2) 1A= 2 lBlBa ),Bgo.

BETy

It is easy to check that the numbers 45 can be chosen to be rationals. Hence
(2) is equivalent to
(3) ngly= Y nglg, ng, np €N, n,>0.

BETY

We shall show in the second part of this paper that the assumption of

existence of a basic embedding of a compact metric space X C R,, with

|4] =2 dim X, implies the fullness of Ty, x(X C R,). Then Sternfeld’s
theorem will follow from:

THEOREM 2. Let X be a compact metric space, and let X C R, be a basic
embedding. If Ty = Tx(X C R,) is full for some K = 2, then |A| = 2K + 1.

PrOOF. Assuming |4 | = 2K, we shall construct a set & of Borel measures
on X with a finite support so that inf{f(u)/ ||u | :u€ &} =0. This, by
Theorem 1, contradicts the assumption that X C R, is a basic embedding and
proves Theorem 2.

Let us first introduce some notation. Let Y, Z be finite subsets of X, so that
|Y|=|Z]and Y N Z =. By (Y, Z) we denote the measure 4 = Z ¢y J, —
2,ez 0;, where J, is the Dirac measure with mass 1 at x. Clearly

1Y, 2)| =\Y|+|Z]|=2|Y|=2|Z].

It is easy to verify that for each measure (Y, Z) on X and every a €4 there
exists a measure (Y, Z%) on X such that

G Y,2),=(Y*,2%),, Y'CY, Z°CZ,
(3) | (Y9, Z9) || =B(Y, Z)).

The fullness of Ty implies that Ty covers 4. Applying this fact it is easy to
check that for each nonempty open set Vin X and every / € N there exist non-
empty open sets V,, V5,..., V;€Vso that

(6) P,(V)NP(V))=0, i+#]j, a€4,

and
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™ HPa(_CJ V,-)cPB(V), BET,.

acB

Assume now that a positive ¢ €R and an s € N satisfy the following:

(8) For each nonempty open U C X there exists a measure (YY, ZY)
on U so that

BUYY,Z)=c | (YU, ZY)), Y| =|ZY =s.

Let ¥ be any empty open set in X, and let the nonempty open sets
Vi, Vs, ..., V; C Vsatisfy (6) and (7), where / € N will be defined later on. Let
YV, Z%),i=1,2,...,] be measures satisfying (8) for U = V;. Our aim is to
show that we can replace the pair ¢, s with a pair ¢/, s with ¢’ smaller than cand
thus by iteration we shall get the desired family &. Since every open set
contains two distinct points (by the fullness of 7}) it is evident thatc =5 =1
will satisfy 8). Set Y =U[_, Y, Z=U/_, Z".By(6) V, N V; = & if i #].
Hence the measure (Y, Z) on V'is well defined, and by (8) the following holds:

) BUY,Z)=c (Y, D), |Y|I=I|Z|=l.
It is easy to check that from (6) it follows that

Y
(10) |P,(D)| ;EQ(Z—UZA forevery D C Xand eacha€A.
s

Let (Y%, Z%), a €A be measures which satisfy (4) and (5). Denote Y, =7,
Zy=2Z, Yé=Y, Z¢=2" a€A. We shall construct, by induction on i,
measures (Y;, Z;), (Y?, Zf), a€A on V. Assume that

Yic, Zi2)oa = (Y7-1s Z8_1)as Y. CYin, Z8,CZ_,
(for i = 1 this is satisfied), and let B; be some element of T. Assume that

(11 Py (V)N 11 Po(YE))

aEB;

> |Pp (Y, U Z,_)|.

Then, obviously, there is some z€V\(Y;_, U Z,_,) such that P,(z)E
P,(Y%,) for each a€B,. It follows that P,(z)=P,(y*), a€EB,; for some
y* € Y?_,. Similarly, if

(12)

PN 11 P,.(zr_,)i > 1Py (Y UZ U2,

a€EB;
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then there there is yEV\(Y;,_, U Z;_,Uz) and z*€Z?_,, a €EB; such that

Py (y)=P,(z°).
Define Y, =Y,_,Uy,Z,=2Z;,_,U zand foreach a €4

Ya_{Y;z—l\ya, aEBi> Za_{zia—l\zaa aEBi’
"o |ve,uy, aeB; ’ “, .Uz, a&B,

It is easy to verify that the measures (Y;, Z;) and (Y?, Z?),a €4 on Vare well
deﬁned and that (Yn Zi)a = (}’1{" qu)a’ Y';’ c Yvi’ Zza c Zi’

1Yl = 1Yol +1, |Zi]=1Zi.,] +1,
[YEI = 1Y) + (Lag — 1g)@) = | Y7y | + (1, —2-15)a),
|ZF = 1Z7 |+ (1= 2-1p)@), Y \YPI =1, [ZE,\ZF] =1

Assume now that this procedure can be carriedoutfori =1, 2, ..., t(i.e. we
assume that (11) and (12) hold for i =1, 2,.. ., ¢). It follows from the above
that

(13) (Yi, Z)a = (Y7, Z{).,

(14) Y| =1Z,|=|Y|+i=Is+i (see(9)),

1Y =127 = 1Y + (-1, —2(1p, + 15+ - - - + 15))a)
=3B + fia),

where f;=i-1, —2(lp + 15+ - -+ + 13) and

(15)

B=B(Y,Z)= | (Y*,Z°) || =21Y*| (see(5)),
(16) [YONY?| =4, |Ze\Z7| =i.
We return now to conditions (11) and (12). By (7) we have

NGED ANVEAEY PXIO!

a€B; j=1 aEB;

therefore

Pp(M)N T1 Po(YE-) D 11 P(Y N YY)

a€EB; a€B;

By (10) and (4)
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PN YL)n(¥uZ)| _|Y*NnYL,|

P(Y*NY.)| 2
| Po( DI y .

b

and by (16)
[YeNYr |z Y| —(@G—1)

By (5) |Y*| =41 (Y%, Z%) || =3B((Y, Z))=4B. Since X CR, is a basic
embedding 8 Z a || (Y, Z) | by Theorem 1. Hence, in view of (9),

|Y*| =382 4[| (V, Z) || =als.

Thus we have

v

PN II P(Y)| 2 1T

a€EB; a€B; 2S

[YenYi,| (IY“I —(i— l))'“v'
2s

(als —i+ l)K
2s

v

(since B, €Ty, so | B;| = K).
Similarly, we obtain

P00 1T P2t (“’S—‘”—l) .

a€B,
On the other hand, by (14) we have
|Pe (Y, UZ, D ZNYy |+ 12| =254+ 2i —2<2ls +2i
and
|Pg(Y;-,VUZ,_,U2Z)| = |Y,»_J}| + | Z_ | +1=2ls+2i — 1 <2s + 2i.
Hence from the condition

] K
<—-—°"s i+ 1) > 2ls + 2i
28

(11) and (12) follow. Since forany i =1,2,...,t,als —i+1Zals —t +1
and 2/s + 2t = 2Is + 2i, the condition

— K
U [ STEL) R
S
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implies (11) and (12) for each i =1, 2,...,¢. Hence if (17) holds, we can
construct measures (Y,, Z,), (Y?, Z?), a € A which satisfy (13), (14), and (15).

Recall now that T is full, and therefore (3) holds. It follows that the sets B;
can be chosen in Ty so that n,1, = Z[_| 15, where n = Zper, g (see (3)). For
i > n define B, by B; = B;.4,- It follows that for t =rn mod 7,

2n4t 2n,t
f;=t.1A_2(lBl+le+...+IB,)=t'1A__AlA=<t_ A)IA.
n n

Assume now that |4 | = 2K. Then by (3)

nylAd| = nAI(lA)=I(nA1A)=I< > nBlB)= > nBI(lB)=K( Y n3>=Kn,
BETy BETx BETx

and hence n,/n=K/|A| = K/2K =4. Therefore for t=nmodn, f =

(t—2n,t/n)1,=0,i.e. f(a)=0foreachaEA.

Since K = 2, it is easy to check that for a sufficiently large /€N we may
choose ¢ so that (17) holds and such that ¢ = ials and t=nmodn. It
follows that for this ¢ the measures (Y,, Z,) and (Y?, Z?) can be constructed.
Then by (15)

|YP| =128 =3B + fia) =3B

(since f,(a) = 0).
By(9)p=B((Y,Z)=c||(Y,Z)| =2cls. Hence

N (Y, ZH )| = 1YP+ | 27| = 2cls.
As t = Lals we get by (14)
1Yo Z) || =1 Ys] + 1Z,] =2(0s + £) = 2(s + bals) = IsQ2 + a).

It follows that

2
| (8, Z6) | S 20ls =c“— s+ a) Sc 1Y, Z)| .

+a 24«

Obviously ||, || = |« || for any Borel measure u. Therefore from (13) it
follows that

WY Z)a |l = N (YE,Z0. || = | (Y2, ZD) ).

Hence
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BUAY,Z)=max{ | (Y, Z),||:a€A}=max{ ]| Y}, Z{)||:a €A}

=c

Tt a (Y, Z) |-

We have shown that if (8) holds it does so also with ¢’ = ¢(2/2 + «) and
s’ =ls + t. Therefore, by iteration there exists for each n a measure (Y, Z,)
such that f((Y,, Z,)) = (2/(2+ a))" | (Y, Z,) || - As remarked in the begin-
ning of the proof this verifies Theorem 2.

We turn now to the second part of this paper. Recall first the following facts
from dimension theory (see [1]).

A finite-dimensional compact space X is called a Cantor manifold, if for all
closed F C X with dim F =dim X — 2, X\ F is connected. It is well known
that each n-dimensional compact metric space contains some #-dimensional
Cantor manifold. It is easy to show that for every closed subset F of a Cantor
manifold X with int F + &, dim F =dim X. A subset F of R* is n-dimen-
sional if and only if int F + &.

The dimension dim f of a mapping f: X—Y is defined by dim f=
sup{dim f~!(y):y €Y}. The well known theorem of Hurewicz says, in par-
ticular, that for a continuous function f: X —Y of compact metric spaces
dim X =dim Y + dim f. We begin with the following definition.

DerFINITION 3. Anembedding X C R, is said to be zero-dimensional if for
each B C A, so that |B| = |4| — 1, dim(P; | ) = 0, where P; | y is the restric-
tion of Py to X.

Note that by Ry C R, we understand that B C 4 and Ry is identified with
R} =y X Ry for some y ER\ 5. It is easy to prove

ProrosITION 1. Let X C R, be a basic(zero-dimensional) embedding, and
let FC X N Ry C Ry C R, beclosed in X. Then the induced embedding F C R,
is a basic (zero-dimensional) embedding.

The following proposition shows that we may restrict ourselves to basic
zero-dimensional embeddings.

ProrosITION 2 [5]. Let X C R, be a basic embedding of an n-dimensional
compact metric space X, where n = 2. Then there exist some n-dimensional
compact metric space F and some basic zero-dimensional embedding F C Ry so
that |B| = |A].
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PROOF. By Proposition 1, we may assume that X is a Cantor manifold. If
X CR, is not zero-dimensional, then there exists some bEA so that
dim Py [y >0, where B =A\b. Hence there exists R, CR, such that
dim(R, N X) = 1. It follows that R, N X contains a closed interval I. Let
F,=P;'(I)N X. Clearly int F, # &, and since X is a Cantor manifold,
dim F, = n = 2. It follows that I # F,. Then there exists some closed F, C F) so
that F, N I = & andint F, # & . Hence dim F, = n, and we claim that Py |F1 is
an injection. Indeed, if not, then there exist x,, x, € F, so that Py(x,) = Pp(x,).
Let x, = P,(x,)EI and x; = P,(x,)EI. Set u = 6,, — J,, + 6,, — J,,. It is easy to
check that B(u) = 0, and by Theorem 1 we obtain a contradiction.

Let F = Pg(F;). Then dim F = dim F, = n, and we shall show now that the
embedding F C Ry is basic. Given ¢ € C(F), define f€ C(F, U I) as follows:
fix)=0 if xE€I and f(x) = p(Pg(x)) if xEF,. Clearly F, U I C R, is basic.
Hence there are g,€C(R,), a€A, such that for all x =(x,),e, €/ VI,
JOx) = 2224 8a(2)-

It is easy to check that g, l ;==const. Hence the functions g, can be chosen
such that g,==0. Then ¢(x) = 2,5 g&:(xX,) for x = (x,).es EF, i.e., FC Rpisa
basic embedding.

This procedure can be continued till we end up with a basic zero-dimen-
sional embedding. This proves Proposition 2.

DEFINITION 4. Anembedding X C R, is said to be reduced if the following
hold:
(a) Xis a Cantor manifoid;
(b) int P,(X) # & in R, for every a €E4;
(c) if int Pg(X) # & in Ry, B C A, then int Pz(V)# & in R, for each
nonempty open Vin X.

The next proposition motivates the introduction of this definition.

ProrosITION 3 [4]. Let X C R, be a compact metric space. Then there
exists FCXNRy CRy CR, 5o that dim F =dim X, and the embedding
F C Ry is reduced.

PrROOF. Let n =dim X, and let X; C X be an #n-dimensional Cantor mani-
fold. If int P,(X)= for some a €4, then X, C R, for some R, CR,,
A; =A\a, and we reduce X C R, to the embedding X; C R,,.

On the other hand if int Py(X;) # &, for B C 4, and int Pz(V) =& for
some open V C X,, then for every n-dimensinal Cantor manifold X, C V,
int Pz(X,) = & and we reduce X, C R, to the embedding X, C R,.
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This procedure can be continued and, since it must end after finitely many
steps, we shall end up with a reduced embedding. This proves Proposition 3.

Denote y, =min{|A4|: there exists a reduced basic zero-dimensional
embedding X C R, so that dim X = n}.

From Propositions 1, 2 and 3 it follows that we may restrict ourselves to
reduced basic zero-dimensional embeddings (r.b.z. embeddings in short), i.e.
Sternfeld’s theorem is equivalent to y, =2n + 1, n = 2.

PROPOSITION 4 [5). ¥,41> Vn.

PrOOF. Let dim X =n + 1, and let X C R, be an r.b.z. embedding with
|A] = 9,41 Since dim P,(X) = 1 for every a €4, it follows from Hurewicz’s
theorem that dim P, | x = 1, and hence there exists some Ry CR,, B=A4\a
so that dim(X N Rp) = n. By Propositions 1 and 3 there is some F C X N
Ry C Ry, C Ry so that dim F =dim(X N Rp) = n, and F C Ry, is an r.b.z.
embedding. Since |B,| = |B| = |A| — 1 <},+,, dim F = n. Hence dim F =
n,and y, < | B,| <.+ This proves Proposition 4.

ProPOSITION 5. y,=2,7,Z4.

PrOOF. If y, =1 then there is an r.b.z. embedding X C R,, a €N with
dim X = 1. Hence dim P, Ix = 1, and therefore the embedding X C R, is not
zero-dimensional. Thus y, = 2.

By Proposition 4, y, = 3. Assume that there exists some 1.b.z. embedding
X C R, so that dim X =2 and 4 = {a,, ay, a;}. Then dim P; |y = 0 for every
B C A with |B| = 2. From Hurewicz’s theorem it follows that dim Py(X) = 2,
and hence intPy(X)# & in Rz. Since X CR, is reduced, BET,=
T,(X ER,). Therefore T, = {{a,, a,}, {a,, a3}, {a,, a3}}, and we obtain

Li=4 10+ 3 Lae + 1 Ly,

i.e. T, is full. By Theorem 2, this implies |4| =4 and contradicts the
assumption that |4 | = 3. Hence y, = 4, and Proposition 5 is proved.

PROPOSITION 6. Let X C R, be an r.b.z. embedding so that dim X = 1.
Then T(X C R,) is 2-full.

PrROOF. Asy, =2,|4|=2.Letd ={a,, a,...}. Theembedding X C R,is
reduced. It follows that int P,(X) # & for each aEA.

Hence T(X C R,) = {{a}, {as}, .. .}. Let 1, = f+ 1, + 1,,. Obviously f€
C*(N)and I(f) = |A| — 2. This proves Proposition 6.
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Consider the following statements.
(My): 7x 2 2K.
(Hy): T((X CR,) is 2K-full for each r.b.z. embedding X C R, with
dim X =K.
By Propositions 5 and 6, the statements M,, M, and H, hold. The following
proposition will be proved later.

PROPOSITION 7. The statements My, Hy and Mg ., imply Hg, .

We shall show now that the following theorem, which is equivalent to
Sternfeld’s theorem, follows from Proposition 7.

THEOREM 3. p,=2n+1 forn=2.

PrOOF. By Proposition 7, M, H, and M, imply H,. If y, = 4, then there is
an r.b.z. embedding X C R, so that |4| = 4. Since H, holds and |4| =4,
T, X C R,)is full and, by Theorem 2, |4 | > 4. This contradiction proves that
nz3.

By Proposition 4, y; = 6, i.e. M; holds. Similarly, since M,, H, and M; hold,
by Proposition 7 H; holds as well, and by Theorem 2, y; = 7. This procedure
can be continued, and we obtain y, = 2n + 1 for each n = 2, and Theorem 3 is
proved.

For the proof of Proposition 7 we need the following.

LEMMA 1 [5). Let XCR, be a reduced embedding, and let K =
dim X — 1 = 0. Then for each a €A there exist B, CA\aand F, CX N Ry, C
Ry, C Ry, with dim F, = K, so that the embedding F, C Ry, is reduced, and
aUBET,, (X CR,) for every BET(F, CRy).

ProOF. Let y€int P,(X), a€EA, and set B =A\a. Since X is a Cantor
manifold, dim(X N RE)= K (recall that R} =y X Ry CR,). Pick some
closed K-dimensional X, C X N Rj. By Proposition 3 there exists some
F,CX,NRy CRy CRE so that F, CRy is reduced and dim F, =K.
Set T={B:|B|=K,B CA}. As the set A is finite, T is finite too. Let
T={B,B,...,B,)}, and let {V/}2, be a basis for the topology of Ry,
i=1,2,...,n Clearly Ty=Ty(F,CRg)CT, and therefore Ty =
{B,B,,...,B,}, where t =t(y)=|T|. It follows that int PB,,I(Fy) #* &,
I=1,2,...,t. Hence, there exists some j; such that V;;’ Cint PBE,(FY).

Let S, = {ii, ji, iz Jas - - - » is Ji}> t = t(y). Obviously, the set of all disjoint
sets S, is countable. Hence there exists some y €int P,(V) so that
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W,={y' :y’€int P(X)and S, = S, }

is of second category in int P,(X), i.e., ¥ =int W, # &. The reader may easily
verify that int P, 5(X) DV X V;;’, and since the embedding X CR, is
reduced, a U B, €T (X CR,).

Set F, = F,, B, = B,, and this completes the proof of Lemma 1.

Let A C N be a finite set, let a €4, and let f€C*(N). The pair (a, 4) is
said to be singular for fif f(a) >0, and for each B C N so that aEB C A4,
Zoes f(b) = |B| fld) for all d€A\B. Clearly if (a, A) is a singular pair for
SEC™*(N), then for every B so that a €B C A, the pair (a, B) is singular for f.

LEMMA 2. Let A C N be a finite set and let ,EC*(N), a€A. If for each
a €A the pair (a, A) is singular for f,, then there exist reals 2, = 0 such that
1y =2Z,e544(14 ﬁz)

Proor. ForfE€C*(N)setmin f=min{ fla):a €A}, M(f)={a: fla)=
min f,a€A}. Denote G ={Z,c A(l,-£):4LZ0}CC*@N), m(G)=
min{|M(f)|: f€G and min f # 0}.

Since g,(a)>0, a€A4, min(Z,e4 1, f;} #0. Therefore m(G)=1.
Obviously, the lemma is satisfied for |4]| = 1. Assume now that the lemma
holds for |4| =1,2,...,n — 1, and we shall prove it for |4 | = n.

Clearly if m(G)=n, then the lemma holds for |4| =n. Let m(G)<n.
Then there exists some fEG so that |[M(f)| = m(G). Set B = M(f). For
every a € B the pair (a, B) is singular for f, and by the assumption there exists
reals A, =0sothat 1, =2,c54.(15- £.).

Denote S = Z,c545(1,- f;) and let S, = f+ xS for x ER, x = 0. Obviously
SEG and S, €G. Let d€EA\B and a€B. Since (a, 4) is singular for f,
Zses fo(b) Z | B| f2(d).

From the above it follows that

|BIS(d)= |B] ( 5 A:(lA-f;))<d)= S A(IB|-f@)< 3 A:.( 5 ﬁ,(b))

a€EB 2€B a€EB bEB

- 3 (2 uk0)) - 2 ( 2 k) ®)= T 150 181,
bEB \ aEB bEB \ a€EB bEB

Hence S(d)=1 for d€A\B. If S(d)=1 for all IEA\B, then S=1, and
m(G)= |A| = n. Hence there is some d €4 \ B so that S(d)<1. Let bEB.
Then f(d)> f(b). Since S,(d)= f(d)+ xS(d) and S.(b)=f(b)+ xS(b) =
J(b)+ x, there is x =0 so that S,(d)=S,(b). It follows that for some
0=y =ux, IM(S))| 2 |B| + 1. This contradiction proves Lemma 2.
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PROOF OF PROPOSITION 7. Let X CR, be an r.b.z. embedding with
dim X =K + 1. By Lemma 1, for each a € A there exists an r.b.z. embedding
F, CRy so that B,CA\a, dimF,=K and a UBET =T (X CR,) for
every BET, = Ty(F, CRp).

Recall that we assume My, Hy and My ,. Therefore

(18) lg,=fo+9., I(fa)=|B.| — 2K,
where f, EC*(N) and ¢, = Zper, A5 1, A5 = 0. It follows that
(19) I(p.)=1(15,) — I(f2) = | B,| — (I B,] —2K)=2K.

Set G = {Zgeriplp: A3 =0} C CH(N).
Denote @, = Zzer, A 1, 5. Clearly §, € G and §,(a) = Zper, A5 and since
1o=1( £ #1:)= 3 )=k 3 3,

BET, BET, BET,
by (19) Zzer, 45 = 2, and we obtain @,(a) = 2. Now it is clear that
(20) ¢a =@, +2'la-

Let y, = (|4 — 2K — 2)1,. Then, by Mg, ,, ¥, EC*(N).
Set &, = ¢, + y,. We shall show that the pair (a, 4) is singular for ®,.
Indeed, leta€Z C Aand b€A\ Z. Then by (18) and (20)

Y ®,(2)

2€Z

= Z ¢a(z)+ 2 Wa(z)=¢a(a)+‘//a(a)+ Z ¢a(z)

z€Z ZE€EZ zEZNB,

=2+|4|-2K-2+ ¥ @@)=I41—-|B|+I()+ X ¢.(2)

ZEZNB, Z2€EZNB,

2[4l — (Bl + ¥ fl@D+e (=141 - 1B, +1ZNB,| Z|Z]

Z | Z|(fa(0) + 0u(b)) Z | Z | 9u(b) = | Z Dy ().

Hence the pair (a, 4) is singular for ®,. Since 1,-®, = P,, it follows from
Lemma 2 that there are reals 4, = 0sothat 1, = 2,c, 4, ®,. Let ¢ = Z,c, 4,0,
and ¥ = Z;eq 4 Wo-

Obviously y €EC*(N), ¢ €G and 1, =y + ¢. By (18), (19), and (20) we
obtain
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41 =10)=Iy + ) =1W) +1(p)= X 2IW)+ X A1(p,)

acA acA
=2 4(4] -2K-2)+ T 42+ 1(p.))
a€A a€Ad
=Y LAl =2K—=2)+ ¥ L,(2+2K)=|4]| ¥ A,.
a€Ad acA a€4
Hence
YA =1
a€A
and

Iw)= X AI)= X 4,(14] —2K -2)=|4] —2K - 2.

a€cd a€A

Thus T is 2(K + 1)-full, and the proposition follows.
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